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Mathematical Model of a Damped Rate-of-Climb Indicator

D. Adler*
Technion—Israel Institute of Technology, Haifa, Israel

A damped rate of climb indicator is mathematically modeled. The resulting set of simultaneous
equations is solved numerically, and the solution is compared to experiments. Agreement of the cal-
culations and experimental results is good. Thus the mathematical model can be used for numerical
simulation, optimization, and design of rate of climb indicators.

Nomenclature

a = constant in Eq. (3)
b = constant in Eq. (3)
Cr = constant defined in Eqgs. (12) and (13)
¢1to ¢15 = auxiliary functions defined in Eqgs. (18)-(23) and (34)-
(42)
= diameter of the diaphragm (see Fig. 3)
= modulus of elasticity
= corrugations height of the diaphragm (see Fig. 3)
= altitude
= stiffness coefficient of the diaphragm in its linear region
[defined in Eq. (5)]
= mass contained in the compartments of the rate of climb
indicator
= static pressure
= gas constant
= diaphragm thickness (see Fig. 3)
= static temperature
time
volume of the compartments of the rate of climb meter
= total volume of the compartments (Vg = V1 + V3)
= velocity
= displacement of the diaphragm (instrument indication)
ratio of compartment volumes («¢ = V1/V3)
(H/S)
shape function of the diaphragm (constant in the
present case) defined as the ratio between the volume
under the deflected diaphragm and the volume of a
cylinder of diameter D and height x
specific heats ratio
Poisson’s ratio
kinematic viscosity
= pressure loss coefficient, defined in Egs. (8, 9, 24, and 25)
= density
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Subscripts

0 = initial condition

1 = referring to compartment 1
2 = referring to compartment 2

Introduction

THE rate of climb indicator was originally proposed in
1910 by Bestelmeyer! as an undamped instrument (Fig.
1). Modern rate of climb indicators, however, are
equipped with a damping capillary (Fig. 2). Theoretical
studies of undamped rate of climb indicators were carried
out by a number of investigators.?2-® During the Second
World War, Takeda® developed an improved mathemati-
cal model of a damped rate of climb indicator. Takeda’s
model is based on the continuity equation and the equa-
tion of state only; the energy equation is not satisfied in
his theory. Like Bestelmeyer and many of the other early
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investigators, Takeda neglects terms including dT,/dt,
dTy/dt, etc. This may not be justified in instruments with
small values of « at high rates of altitude variation.

In the present study a mathematical model of a damped
rate of climb indicator is developed which satisfies also
the energy equation, and in which no temperature terms
are neglected. This leads to a model which represents
temperature effects in a more realistic form. Using the en-
ergy equation it is shown that because of the basic differ-
ence between the energy transfer in the instrument during
descent and climb, the mathematical description of the
two processes is not identical. The present model also in-
cludes directly the influence of the geometry and material
of the diaphragm.

Mathematical Model

The rate of climb indicator is given a schematic form
for the mathematical treatment (Fig. 2). Here, each of the
compartments has a single connection with the atmo-
sphere, but this does not restrict the generality of the
model as any number of parallel flow passages can be re-
placed by an equivalent single flow passage.

The unknown quantities during altitude change are the
conditions, the volume, and the mass in each of the com-
partments, namely, p1, p1, T1, Vi, my, pa, p2, T2, Vo, ms,
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Fig. 1 Schematic description of an undamped rate of climb
indicator.
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Fig. 2 Schematic description of a damped rate of climb indi-
cator.




Fig.3 Corrugated diaphragm.

and the displacement of the diaphragm x. These eleven
quantities depend on the time t. Known are the instru-
ment constants, Vg, the total volume of both compart-
ments which is constant; «, the ratio between V3 and V
when x = 0; M, the stiffness coefficient of the diaphragm;
v, the shape constant of the diaphragm; all the dimen-
sions of the diaphragm (see Fig. 3); and £y and &s, the
functions describing the pressure loss coefficients of the
flow passages which are not constants and depend on the
density and the viscosity of the through flowing air. The
atmospheric conditions po(h) and To(h) and the altitude
variation h(t) are also known. Therefore, the atmospheric
conditions can be written as functions of time: po[h(t)]
and Tolh(t)]. Eleven simultaneous equations for the elev-
en unknown quantities are written and solved. These
equations include all the instrument constants mentioned.

The displacement of the diaphragm is governed by the
change of volume in the two interdependent compart-
ments (which are charged during descent and evacuated
during climb), and by the dynamic behavior of the dia-
phragm. It is assumed that because of the small mass and
displacements inertia effects of the diaphragm can be ne-
glected. Hysteresis effects of the diaphragm can be held as
low as 0.01% of the diaphragm diameter,’* and are there-
fore also neglected in this study. These assumptions are
varified experimentally. The charging process of the com-
partments during descent differs physically, and therefore
also mathematically, from the evacuation during climb.
During descent the air in the compartments is compressed
and mixed with the external inflowing air. During climb,
on the other hand, only expansion of the air takes place in
the compartments. This difference is not significant when
both compartments are large, but when one of the com-
partments is small like the indicator of Fig. 2, the differ-
ence between descent and climb must be taken into ac-
count.

A. Climb

The climb model satisfies the basic equations which de-
scribe the coupled evacuation of the two compartments.
These equations must be solved simultaneously.

The equation of state for each of the two compartments
is:

b1 = p1RTy (1)
Dy = PoRT, (2)

The displacement equation of the diaphragm is the con-
dition which couples both compartments. It is written
here for a shallow double sinusoidal corrugated dia-
phragm'? as in Fig. 3. The influence of the connection in
the center is neglected. (Information on this and displace-

ment equations of other types of dlaphragms can be found
in Ref. 12.)

16E 8 bs
Pi*Pz=“54‘(%x+§x3> (3)

2[5+ (3o )" J[a+ (35+1)"]
s [1-0/(36+1)]

where
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For corrugated diaphragms b < a so that the second term
in the brackets of Eq. (3) can be neglected for small dis-
placements. Let us consider for example, a diaphragm
with: S = 0.22mm, H = 0.75mm, D = 50mm, and £ = 1
X 10%kg/cm?. In this case we have

b=

ps —p1= 0.353x + 0.0175x°

for a relative large displacement of x = 0.5mm the contri-
bution of the second right-hand. side’ term is about 0.8%.
This fact justifies the assumption that the diaphragm is
linear in its present range of application and can be de-
scribed by:

x = Dp, —p))/8ES’a (4)

Equation (4) defines the stiffness coefficients of the dia-
phragm M,

M = D*/8ES%a ‘ (5)

The displacement x is positive for climb, where D2 > pL if
£2 > £1.

The mass of air contained in each of the compartments
at any instant is

avV, T
m1=<1+§—ZDZW)ﬁ1 (6)

Vi T
m2=<1+5a +ZD2X’)’)92 (7)

where v, the shape function, is dependent on x. It is de-
fined as the ratio between the volume under the displaced
diaphragm and the volume of a cylinder of diameter D
and height x. When the displacements x are small, as in the
present case, ¥ can be considered constant.

The pressure losses through the flow restrictions con-
necting the compartments to the atmosphere are:

b1 —by= %01 &y (8)
by = Loy, 9

These two equations actually define £, the pressure loss
coefficients. When pi1, ps, and po are measured in the
compartments and in the atmosphere, respectively, then
the pressure loss includes all losses involved, including
entry and exit losses of the flow passages. These passages
can be either long, small diameter tubes, porous plugs, or
any other flow resisting passage. The pressure loss coeffi-
cients can be calculated for tubes or be evaluated experi-
mentally based on Egs. (8) and (9) in other cases.

Generally the pressure loss coefficients are not constant
and depend on the density and viscosity inside the flow
passages. But as both these quantities depend on the tem-
perature and the pressure, we can write for the case of
climb (where the compartments are evacuated),

£1=£1(p1,T1) and &2 = £2 (p2,To).

These two functions are incorporated in the climb model.
Mass conservation leads to the following two equations:
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dmy/dt = —p, %d1zv1 (10) o = (py — x/M)11) (aVB _ ﬂDzyx) 19)
2= KRCpy 1+a 4
d”bz/dt = —fs 4d2 Vg (11) _ pz(i-x)/l( ( VB . 7TD27x) (20)
€5 = kRCpy, \ 1+ a 4
where dy and d» are arbitrary characteristic diameters of 2.2 ORCy( 5y — pg) 112
the flow passages at the section at which the velocities v ¢ = 2 [ I /;D 2~ Py ] PRI (21)
and vz are measured for the determination of the pres- 4RCry by,
sure loss coefficients. o)/ 9
Energy conservation gives: cr = (py — x/M) < @Vp _ wx>
5 KRCpy M 1+a 4
2 _ 1/x
T1p1(1-«)/‘< - Tiopm(l-x)/n - CTl (12) + 1D 7(1)2 x/M) (22)
4RCpy
szz(l-‘()/z — Tzopzo(l-x)/x — CT2 (13) o — nDzyp 1/« (23)
g = o
4RCpy
where adiabatic expansion inside the compartments is as-
sumed. Second index zero in these equations denotes a B. Descent

condition at the beginning of the climb.

These equations, together with po = f[h(t)], describe
the climb process completely and allow the calculation of
the eleven unknown time dependent quantities. Of these,
x(t) is the quantity which is of direct interest in this prob-
lem. After some algebraic manipulations the eleven equa-
tions of the climb process are transformed into the fol-
lowing two equations:

md (p _x )UK[ZRCn(Pz — % /M —p,) ]1/2
" 4RCpy M (py ~ x/M)V/E
___CYV___ _ (1-n)/x'(@ _@i>
T a):Rcm( 2 = %/M) a dt M

B WDZ)/[X(pz _x/M)(l-x)/k(dp2 ﬂ i)
1 KRCpy a dt M

(pz —x 1\4)1/" ﬁzﬁ
* RCry dt] (14)

md) 4 [2RCT2(P2 —Po)]uz

 4RCy, pal/xg,
— Vg py 1m0/ dapy i D% [M dpy
(1 + a)kRCpy 2 dt 4 KRCp di

bat'* dx:l
+ 15
RCp at | (1)

Equations (14) and (15) include three time-dependent
quantities: x(t), pa(t), and po(t). ps is the pressure in one
of the compartments, it is an auxiliary function required
for the solution and is of no special interest. py is the at-
mospheric pressure, considered given in the present for-
mulation, and x is the indication which is to be predicted
by the mathematical model. Equations (14) and (15) are
subject to appropriate initial conditions and can only be
solved numerically. Being an initial value problem, the
set of equations can be solved by a forward integration
method. Here a four point Runge-Kutta method is used.
For this purpose the equations must be rearranged and
given in a new form, where the symbols ¢; denote various
combinations of three unknown quantities. They are de-
fined in Eqgs. (18-23) as follows.

dx 4 ~C‘z(,’4/(f3

dt = c5 + ceCa/Cy (16)
dt Cs
where
X/M Po)

d? [ZRCTl(

172
~ 4RCyp (s — x/M)I7%E, ] (py — x/M)'/* (18)

Equations (1-7) of the climb model are also relevant to
descent; all other equations must be modified. The pres-
sure loss over the flow restrictions is reversed and the den-
sity is now calculated for atmospheric conditions

bo—b1= 520, (24)
Do~ P2 = % 2%, (25)

Here the pressure loss coefficients depend on the atmo-
spheric conditions rather than on the conditions inside the
instrument compartments as was the case during climb.
Thus £ = &0 (po, To).

The continuity equations are also applied in the re-
versed direction using atmospheric density instead of the
compartment densities

dmy/dt = p, % di?vy (26)

dmy/dt = p, g 4oy (27)

The energy equations are now written for adiabatic com-
pression combined with the mixing of the inflowing air
with air already in the compartments

dTy 7(k Ty — Ty)RTid{ v1py (28)
at  — 4paVy/(1 + o) — nD2yx/4]
dT2 TT(KTO - I‘Z)RTQdZZ’Upo (29)

dt  ~ 4p,\Vy/(1 + @) + nD?yx/4]

As in the climb model, the atmospheric pressure change
relative to the descending instrument must be known as a
function of time po = f[h(t)]. But here, because of the
mixing in the charged compartments, also the atmospher-
ic temperature Ty = g[h(t)] is required [for Eqgs. (28) and
(29)]. This set of simultaneous equations is now rear-
ranged for the Runge-Kutta procedure. Here the functions
¢; are defined in Egs. (34-42).

dx Rp
a 2[010 Y 2(crenn — cye11013/Crq + 09011):]

[ipz C“(l/RjW-F C8015/C14)+ 013] 1:B (30)

d
—g?l :R[C9+ R[f (C10+ CizB)} (31)
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apy _ i‘( ladp, = B _ )
i T ca\R di RM ! (32)
dp 1
I SO 33
i o (c1p — c12B) (33)

As in the climb problem, x(t) is the quantity of interest.
But here, because of the more complex energy equations the
densities p1 and p2 cannot be separated and therefore three
auxiliary functions, ps, p1 and pa are necessary for the so-
lution. The functions c¢7 to ¢15 are defined as follows:

Cr =

1dpg[k Ty — (py — x/M)/Rps)[2(p, — py + x/M)/p,E4]! "2
4[aVB/(1 + a) — 1D%yx/4]

(34)

¢y = (py — x/M)Rp, (35)

1dy*polk T, — py /R0 )[2(py — pg)/ pokal'’? (36)

Co = 4[vy/(1 + a) + 7D%yx/4]
c1p = %Podzz(z(Po ~ )/ Pyt (37)
ci1y = Vo/(1 + @) + (7/4)D%x (38)
Cig = (77/4)D2')/p2 (39)
LT 2(pg —pa + x/M) \''?
Ci3 = 4 dl Po < pogi ) (40)
Ciy = CZVB/(]-‘"*' Cl) - (1r/4)Dzyx (41)
c1s = (1/4)DPypy (42)
Experiments

A model of a rate of climb indicator was built for the
test rig. The model was designed to enable easy variations
of the indicator parameters (compartments volume and
flow restrictions) and to allow accurate measurements of
the diaphragm displacements. The test rig is described
schematically in Fig. 4. The rate of climb indicator RC is
comprised of two compartments CMy and CM,, their vol-
umes can be varied by moving the pistons P. The inter-
changeable diaphragm has a small electric contact, D, at

_____ hl
PTy :
\
Va, s | 3
QJ-O— SV SVII
Vi
i = A : Mri Rz
Vo v i
Rop 1 AR
Roy u :
A l—
Ll L I
1
CMz CM, H ¢
g D- Il
V.P. C2 Me-{ Mc 5] \
1
PTp ]
RC H |-
b sC

Rec.

Fig.4 Testrig.
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its center. This contact, when touching the tip of the mi-
crometer MC closes the electric circuit comprising also
the battery Ba and the bulb Bu. This circuit is used to
calibrate the diaphragm and to evaluate the constant M.
Each of the two compartments is equipped with a pres-
sure transducer (PT; and PT5). Their signal, after being
conditioned in SC, is recorded by a multichannel uv re-
corder.

Each of the transducer compartments is connected to
the container S which represents the varying environ-
ment. The pressure and temperature inside S can be con-
trolled to create any desired initial temperature and pres-
sure as well as any desired pressure variation po(t). Rising
pressure with time (relevant to descent) is created by
charging S from a compressed air bottle Cy, through the
two regulating valves Ry (for course adjustment), and Rs
(for fine adjustment) and through the micrometric high
precision valve V3 used for final adjustment of po(t). Fall-
ing pressure with time (relevant to climb) is created by
evacuating the charged container S through the microme-
tric valve V, either directly into the atmosphere (when
the valve Vg is opened and V5 is closed) or into a contain-
er Co held at constant negative gage pressure using the
vacuum pump VP. Pressure vs time diagrams of S are re-
corded using the pressure transducer PT3. This is done
simultaneously with the recording of the signals from PT
and P Tg. .

The compartments CMy and CM; are connected to S
through two very fine adjustable micrometric valves V4
and V5. These two valves are designed to create a high
pressure drop and represent the flow restrictions of the
compartments. Adjustment of the valves causes variation
of £1 and £2. The values of £; and £2 can be measured
using the rotameters Ro; and Ros,.

The experiments were preceded by calibration of the
diaphragm using the circuit MC-D-Ba-Bu. For a preset
micrometer setting, the pressure difference required to
close the contact was measured. The pressure difference
was applied in both directions and it was found that the
displacements in the pressure range applied are linear
with negligible hysteresis. The value of M was M = 1.79
X 10~ [m3/kg]. The results are given in Fig. 5.

For each of the experiments £; and &2 were set at the
desired values and V; and V adjusted. Further, the pres-
sure function in S, po(t), was fixed. The system was then
brought to a steady initial condition and the transient
process triggered using the solenoid valve SV; for descent
experiments, or SV, for climb experiments. At each run
the pressures detected by PT,, PTs, and PT3 were simul-
taneously recorded.
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Fig.5 Calibration line of the diaphragm.
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Fig. 7 Comparison of calculations and experiment for de-
scent.

Figures 6 and 7 show the results of two typical runs for
climb and descent, respectively. In each figure, the mea-
sured pressure curve in the container S is given. Also
given are the measured and calculated displacement
curves. The calculated curves represent numerical solu-
tions of the mathematical model carried out with data of
the experiment in question.

Discussion of the Results and Conclusions

The comparison between theory and experiment of Figs.
6 and 7 reveals acceptable agreement. The rate of the
pressure change |dpo/dt|, during the climb experiment
was about half the rate of the pressure change of the de-
scent experiment, resulting in smaller calculated and
measured displacements. Also the nature of the external
pressure change is different in both experiments. In the
descent experiment the pressure function po(t) was linear
while during climb dpe/dt was not constant, explaining
the slightly different character of deflection curves. Both
experiments do not represent constant rate of altitude
variation being the result of arbitrary external pressure
functions.

Figures 8 and 9 show the calculated results of a rate of
climb indicator operating in an isothermal atmosphere.
The curves are calculated for a constant rate of climb
(Fig. 8) or constant rate of descent (Fig. 9) of 33m/sec in

Time t lsec

Fig. 8 Calculated deflection for constant rate of alti-
tude variation and linear pressure change in the case of climb.
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Fig. 9 Calculated deflection for constant rate of alti-
tude variation and linear pressure change in the case of de-
scent.

an atmosphere of 300°K. At these conditions the mathe-
matical model produces a constant indication. The dashed
lines in these figures give for comparison calculated re-
sults for linear external pressure variation.

Figures 6 and 7 demonstrate that the mathematical
model can produce results which represent reality to an
aggreeable accuracy, varifying the model quantitatively.
Figures 8 and 9 show that the mathematical model pro-
duces a constant indication at constant rate of altitude
variation. Further, in Fig. 8, dpo/dt of the constant climb
curve is always smaller than dpo/dt of the linear presure
line. This explains the smaller indication for constant rate
of climb in Fig. 8. The opposite situation is observed in
Fig. 8 for descent. Here dpo/dt of the constant descent
curve is always larger than the constant rate of pressure
change of the linear pressure rise. Consequently, the indi-
cations for constant descent are larger than the indica-
tions for linear pressure rise. The results of Figs. 8 and 9
varify the mathematical model quantitatively.

Thus, it can be concluded that the mathematical model
presented here can be used with agreeable confidence as a
tool for the design of rate of climb indicators, as well as a
basis for optimization or simulation programs.
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In-Flight Oxygen Generation for Aircraft Breathing Systems

Edward J. Boscola
Naval Air Development Center, Warminster, Pa.

Operational and logistics problems associated with liguid oxygen (LOX) breathing supply sys-
tems have shown the need for developing methods of generating oxygen directly on board the air-
craft for aircrew breathing. Concepts presently being developed are based upon fluomine chemical
sorbent and electrochemical concentrator processes. The fluomine process is a temperature cycled
chemical system using the fluomine for reversibly sorbing oxygen from engine bleed air. The elec-
trochemical process uses a combination fuel cell and electrolysis cell reaction to generate oxygen.
Oxygen from an air stream is reduced on the cathode to form water, the water is then electrolyzed at
the anode to evolve pure gaseous oxygen. With the aid of necessary aircraft resources (electrical
power, air, heating, and cooling), these techniques extract oxygen directly from engine bleed air
during all flight operations. The oxygen generation systems produce oxygen at approximately 99.5%
purity and is sufficient to meet the breathing requirements of two men during all in-flight opera-

" tions. Ground and aircraft carrier support will be eliminated or minimized to improve efficiency and

safety of flight operations. Aircraft turn around time with respect to oxygen will be reduced to

nearly zero while maintenance pgriods will have a minimum time of 1000 flying hr.

Introduction

OPERATIONAL limitations imposed as a result of the
current method of handling and stowing liquid oxygen
(LOX) supply systems often restrict the availability of
-aircraft for extended missions. In addition, logistics and
maintenance problems, dangers of fire, and contamination
associated with LOX pose a continued threat to the effec-
tiveness of the total aircraft weapons system.

The limitations and problems associated with LOX be-
come increasingly severe both to carrier-based aircraft and
to aircraft operating from advanced sea and ground bases
as the performance of tactical aircraft is developed to
meet extended operational and mission requirements. The
cost of the LOX generating capacity of an aircraft carrier,
both in dollars and in carrier space and electrical power
output, is prohibitive as are the logistics problems with
transporting 1LOX to the carrier from a shore based source
of supply.

Presented as Paper 73-1348 at the AIAA Crew Equipment Sys-
tems Conference, Las Vegas, Nev., November 1-9, 1973; submit-
ted December 6, 1973; revision received May 7, 1974.

Index category: Aircraft Cabin Environment and Life Support
Systems.
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To eliminate the problems associated with LOX, new
forms of oxygen generation methods which produce oxygen
directly on board aircraft are presently being developed
under a joint Navy/Air Force effort. Navy interest in new
oxygen generation techniques is directed primarily toward
carrier-launched and retrieved fighter/attack aircraft.
However, the equipment can be equally applicable to all
fixed-wing and rotary-wing aircraft that require breathing
oxygen for the aircrew.

Design Criteria

The basic requirements for oxygen generating systems
are shown in Table 1. With the necessary aircraft re-
sources the systems shall generate oxygen at approximate-
ly 99.5% purity at a rate sufficient to meet the breathing
requirements of two men during all in-flight operations, in
addition to start-up and taxiing conditions and underwa-
ter emergencies. The maximum electrical power to sup-
port the system is 7 kva. The system is intended to re-
place the current stored LOX system and, thereby, elimi-
nate or minimize ground and aircraft carrier support, im-
prove efficiency and safety of flight operations, and to
have a minimum time of 1000 flying hr between mainte-
nance periods. Flight time between servicing is 15 hr and
in order to satisfy quick turn-around time requirements,
servicing shall not take more than 5 min per aircraft.



